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Abstract
In the theory of digraphs, the study of cycles is a subject of great importance and
has given birth to a number of deep questions such as the Behzad–Chartrand–Wall
conjecture (1970) and its generalization, the Caccetta–Ha¨ggkvist conjecture (1978).
Despite a lot of interest and efforts, the progress on these remains slow and mostly
restricted to the solution of some special cases. In this note, we prove these conjectures
for digraphs with girth is at least as large as their minimum out-degree and without
short even cycles. More generally, we prove that if a digraph has sufficiently large girth
and does not contain closed walks of certain lengths, then the conjectures hold. The
proof makes use of some of the known results on the Caccetta–Ha¨ggkvist conjecture,
properties of direct products of digraphs and a construction that multiplies the girth
of a digraph.
Keywords and phrases: Cycles in digraphs, shortest cycles, directed girth, minimum
out-degree, Behzad–Chartrand–Wall conjecture, Caccetta–Ha¨ggkvist conjecture, direct
product of digraphs.
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1 Introduction
Let D be a digraph with set of vertices V (D), set of arcs A(D) and order |V (D)|. We
write g(D) for the (directed) girth and δ+(D) for the minimum out-degree of a vertex in
D. Mostly, we simplify matters by representing the order of a digraph by n, its girth by g
and its minimum out-degree by k. A digraph is said to be simple if it contains no parallel
arcs directed from one vertex to another. An oriented graph is a simple digraph without any
pair of symmetric arcs. All digraphs considered in this paper are simple but not necessarily
oriented (unless explicitly stated). Therefore, we can represent an arc directed from a vertex
u to a vertex v of a digraph D by uv. Moreover, here the terms ‘cycle’ and ‘girth’ always
refer to a directed cycle and the directed girth, respectively.
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The investigation of the cycle structure of digraphs mostly focuses on particular kinds of
cycles and systems of cycles in digraphs. The study of shortest cycles forms an important
part of this investigation. To this end, it is natural to look for good upper bounds on the
girth of digraphs. A digraph is said to be d-regular (or d-biregular) if every vertex has in-
degree and out-degree d. A d-regular digraph of girth g and of least order is called a directed
(d, g)-cage. In 1970, Behzad, Chartrand, and Wall [3] conjectured that the order of a directed
(d, g)-cage is d(g − 1) + 1. Equivalently, we have [21]:
Conjecture 1.1 (Behzad–Chartrand–Wall conjecture). Let G be a k-regular digraph of order
n and girth g. Then g ≤ ⌈n/k⌉.
The above conjecture was proved for k = 2 by Behzad [2], for k = 3 by Bermond [4],
and for vertex-transitive digraphs by Hamidoune [11]. In 1978, Caccetta and Ha¨ggkvist
[6] proposed to replace k-regularity in the statement of Conjecture 1.1 by specifying the
minimum out-degree in the digraph instead. Thus the Caccetta–Ha¨ggkvist conjecture was
born, which is currently one of the central open questions in graph theory.
Conjecture 1.2 (Caccetta–Ha¨ggkvist conjecture). Every digraph of order n with minimum
out-degree at least k has a cycle with length at most ⌈n/k⌉.
Only special cases of Conjecture 1.2 have been resolved. The case k = 2 was solved in
the original paper of Caccetta and Ha¨ggkvist [6]. Later the conjecture was proved for k = 3
by Hamidoune [12] and k = 4, 5 by Hoa`ng and Reed [14]. Moreover, Shen [21] showed that
the conjecture holds for all k ≤ √n/2. Among large k, the case corresponding to k = n/2
trivially holds. However, the case k = n/3, or more generally n/3 ≤ k < n/2, is already
open, highly interesting and, for digraphs with minimum in-degree and out-degree both at
least k, is implied by Seymour’s second neighbourhood conjecture [23]. Some results on this
case appear in [16, 19]. Another problem related to this case asks to determine the smallest
α > 0 such that any digraph of order n and minimum out-degree at least αn contains a cycle
of length at most 3. If the Caccetta–Ha¨ggkvist conjecture holds then α = 1/3. However,
this is still open. The upper bound on α was progressively improved in [6, 5, 20, 9], in
chronological order, to the current best of α ≤ 0.3465 in [10].
Since cycles of length ⌈n/k⌉ or less proved elusive, Chva´tal and Szemere´di [8] proposed
to look for cycles of length at most n
k
+ c, for small c. They proved the existence of such
cycles for c = 2500. This was improved to c = 304 by Nishimura [18] and to c = 73 by Shen
[22]. For small n, the best upper bound of
g ≤ 3
⌈
n
k
ln
(
2 +
√
7
3
)⌉
≈ 1.312 n
k
is due to Shen [22] that improves the earlier result g ≤ 2n/(k+1) by Chva´tal and Szemere´di
[8]. Shen [21] also proved the following result, which we use in the sequel and which implies
that any counterexample to Conjecture 1.2 satisfies n ≤ 2k2 − 3k.
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Theorem 1.3. Let D be a digraph with |V (D)| = n, δ+(D) = k and g(D) = g. Then
g ≤ max
{⌈n
k
⌉
, 2k − 2
}
. (1)
In January 2006, Chudnovsky, Seymour and Thomas organized a workshop at the Amer-
ican Institute of Mathematics to investigate the Caccetta–Ha¨ggkvist conjecture and its rel-
atives. Sullivan [23] wrote an extensive survey of the different forms of the conjecture and
related problems discussed at the workshop. However, no major progress has been made
since Shen’s papers [21, 22].
Here we prove the Caccetta–Ha¨ggkvist conjecture (and hence the Behzad–Chartrand–
Wall conjecture) for any digraph D with odd girth g(D) ≥ δ+(D) and not containing even
cycles of length less than 2g(D). The proof relies on some properties of direct product of
digraphs and a construction that doubles the girth of a digraph with odd girth. The direct
product of digraphs and other ingredients of our approach are discussed in the next section,
while the proof appears in section 3. The same method shows that the Caccetta–Ha¨ggkvist
conjecture is satisfied by any digraph D of girth g(D) ≥ 2δ+(D)/p not containing closed
walks of lengths p, 2p, . . . , (g(D)−1)p, for some positive integer p ≥ 2. This is a draft version
of the paper and will be expanded soon.
2 Walks, adjacency and direct products
Recall that all digraphs considered in this paper are simple. A walk of length ℓ in a digraph D
is a sequence v0, v1, . . . , vℓ of not necessarily distinct vertices ofD so that for each i = 1, . . . , ℓ,
vi−1vi ∈ A(D). If v0 = vℓ, we have a closed walk [1]. Moreover, a closed walk on distinct
vertices is a cycle. Clearly, a walk can have repeated arcs that form a multiset, which we call
the arc multiset of the walk. We need the following fundamental result concerning closed
walks in a digraph. A slightly weaker form of Lemma 2.1 appears in [1, Exercise 1.12],
whereas the form we use appears in [24].
Lemma 2.1. The arc multiset of a closed walk in a digraph decomposes into arc sets of (not
necessarily distinct) cycles. Thus the length of a closed walk in a digraph equals the sum of
lengths of the (not necessarily distinct) cycles it traverses.
The adjacency matrix MD of a digraph D of order n is an n× n matrix whose ij-entry,
(MD)ij , is 1 if vivj ∈ A(D) and 0 otherwise [1]. The matrix MD can be used to compute the
number of closed walks of length ℓ containing a given vertex of D in the following way.
Lemma 2.2. Let D be a digraph with vertex set V (D) = {v1, . . . , vn} and corresponding
adjacency matrix MD. Then (M
ℓ
D)ii, the ii-entry of the matrix power M
ℓ
D, equals the number
of closed walks of length ℓ containing the vertex vi ∈ V (D).
A (digraph) product is a binary operation defined on the class of all digraphs such that
given digraphs D1 and D2, their product is a digraph with vertex set V (D1)× V (D2) – the
Cartesian product of vertex sets of D1 and D2 – and whose arcs are defined according to
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some condition depending on the arcs of D1 and D2. Some of the popular product operations
include Cartesian product, direct product, strong product and lexicographic product (see [13,
Chapter 32] for details). Here we are interested in the direct product.
The direct product of graphs was explicitly defined in [25] and extended to digraphs in
a natural way in [17]. We denote the direct product of digraphs D1 and D2 by D1×D2 and
define it to be a digraph with vertex set V (D1) × V (D2) such that an arc is directed from
a vertex (u, v) to a vertex (x, y) if and only if ux ∈ A(D1) and vy ∈ A(D2). This product
operation, also known as the tensor product, Kronecker product or categorical product, has
the distinction of being the category-theoretic product arising in the category of digraphs and
homomorphisms [13]. In addition, it has a natural connection with the Kronecker product
of matrices that we describe a bit later.
Given a p×q matrix A and an r×s matrix B, the Kronecker product A⊗B is the pr×qs
block matrix
A⊗ B =


a11B · · · a1qB
a21B · · · a2qB
...
. . .
...
ap1B · · · apqB

 .
The following lemma (see, for example, Lemma 4.2.10 in [15]) relates Kronecker product
with the usual matrix product.
Lemma 2.3. If A, B, C and D be matrices such that the products AC and BD are defined,
then
(A⊗B)(C ⊗D) = AC ⊗ BD.
Now we can describe the relationship between direct products of digraphs and Kronecker
products of matrices.
Lemma 2.4. For any digraphs D1 and D2,
MD1×D2 =MD1 ⊗MD2 .
Let ℓ be a positive integers. We denote by Cℓ the digraph consisting of a directed cycle
of length ℓ. Also for any positive integer j and a digraph D, let jD denote the digraph
consisting of the union of j (vertex and arc) disjoint copies of D. The result below appears
as relation (32.1) in [13].
Lemma 2.5. Given positive integers ℓ and m,
Cℓ × Cm = gcd(ℓ,m) Clcm(ℓ,m),
where gcd(·, ·) and lcm(·, ·) denote the greatest common factor and the least common multiple
operators, respectively.
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3 Constructing digraphs of twice the girth
In this section, we present our main result. As mentioned earlier, the proof technique make
use of Theorem 1.3, properties of direct product of digraphs and a construction of digraphs
of larger girth from digraphs of smaller girth.
Theorem 3.1. Let D be a digraph satisfying g(D) ≥ δ+(D) and not containing any even
cycle of length less than 2g(D), Then D satisfies the Caccetta–Ha¨ggkvist conjecture.
Proof. Let |V (D)| = n, δ+(D) = k and g(D) = g ≥ k. Let D× = C2 × D. Clearly,
V (D×) = 2n and δ+(D×) = k and g is odd. We show that g(D×) = 2g. By Lemma 2.5,
g(D×) ≤ lcm(2, g) = 2g. We prove that D× does not contain a cycle of length less than 2g.
By Lemma 2.4,
MD× =MC2×D = MC2 ⊗MD
and using Lemma 2.3,
M ℓD× = (MC2 ⊗MD)ℓ =M ℓC2 ⊗M ℓD,
for any positive integer ℓ. Now Lemma 2.2 implies that if ℓ is a positive integer for which
D× contains a closed walk of length ℓ, then for some i = 1, . . . , 2n, p = 1, 2 and q = 1, . . . , n,
we have (M ℓ
D×
)ii = (M
ℓ
C2
)pp(M
ℓ
D)qq > 0. This occurs if and only if both C2 and D contain a
closed walk of length ℓ. Now by Lemma 2.1, C2 contains closed walks of every even length
and no closed walks of odd length, whereas the closed walk of smallest even length in D has
length 2g. Thus ℓ ≥ 2g, which gives g(D×) ≥ 2g. Thus g(D×) = 2g, as claimed.
Since g(D×) = 2g ≥ 2k = 2δ+(D×), by Theorem 1.3,
2
⌈n
k
⌉
≥
⌈
2n
k
⌉
=
⌈ |V (D×)|
δ+(D×)
⌉
≥ g(D×) = 2g.
This gives ⌈n
k
⌉
≥ g,
completing the proof.
One can generalize the technique used in the proof of Theorem 3.1 to obtain the following
result.
Corollary 3.2. Let p > 2 be a positive integer and D be a digraph with g(D) ≥ 2δ+(D)/p
not containing closed walks of lengths p, 2p, . . . , (g(D)− 1)p. Then D satisfies the Caccetta–
Ha¨ggkvist conjecture.
Proof. Let g, k and n be as in the proof of Theorem 3.1. Consider D×p = Cp ×D and note
that V (D×p ) = pn and δ
+(D×p ) = k. By suitably generalizing the arguments in the proof of
Theorem 3.1, we see that g(D×p ) = pg.
Since g(D×p ) = pg ≥ 2k = 2δ+(D×p ), by Theorem 1.3,
p
⌈n
k
⌉
≥
⌈pn
k
⌉
=
⌈ |V (D×)|
δ+(D×)
⌉
≥ g(D×) = pg,
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yielding ⌈n
k
⌉
≥ g,
as desired.
The key difference between Theorem 3.1 and Corollary 3.2 is that for the former it suffices
to consider digraphs without short even cycles, whereas for the latter one has to rule out the
existence of closed walks of lengths that are multiples of p. On the other hand, the conclusion
of Theorem 3.1 is valid only if the girth of the digraph is at least as large as its minimum
out-degree, while Corollary 3.2 is applicable to digraphs of relatively smaller girths.
The next result is an immediate consequence of Theorem 3.1 and Corollary 3.2.
Corollary 3.3. Conjecture 1.1 holds for all k-regular digraphs having (i) girth g ≥ k that do
not contain any even cycle of length less than 2g and (ii) girth g ≥ 2k/p that do not contain
closed walks of lengths p, 2p, . . . , (g − 1)p, for some positive integer p > 2.
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